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In this paper, a ﬁnite element study of 3D crack tip ﬁelds in pressure sensitive plastic solids (such as polymers or metallic
glasses) under mode I, small scale yielding conditions is performed. The material is assumed to obey a small strain,
Extended Drucker–Prager yield condition. The roles of pressure sensitive yielding, plastic dilatancy and yield locus shape
on the 3D plastic zone development and near-crack front ﬁelds are systematically studied. It is found that while pressure
sensitivity leads to a signiﬁcant drop in the hydrostatic stress all along the 3D crack front, it enhances the plastic strain and
crack opening displacements. The implications of these contrasting trends on ductile fracture processes are discussed in the
light of some recent micro-mechanical simulations.
 2006 Elsevier Ltd. All rights reserved.
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The inelastic response of many engineering materials, such as polymers, ceramics and metallic glasses, as
well as geomaterials, does not follow the two basic tenets of classical metal plasticity, viz., pressure insen-
sitive yielding and plastic incompressibility. Thus, experimental observations (Spitzig and Richmond, 1979;
Chen and Reyes-Morel, 1986; Lu and Ravichandran, 2003; Bardia and Narasimhan, 2006) indicate that the
yield behavior of these materials is dependent on hydrostatic stress. In fact, experimental and numerical
results on certain metallic alloys (Spitzig and Richmond, 1984; Wilson, 2002) also show dependence of yield
stress on hydrostatic stress, although to a lesser extent compared to non-metals. Several yield criteria have
been proposed to incorporate the above noted hydrostatic stress dependence (Bowden and Jukes, 1972;
Quinson et al., 1997; Donovan, 1989; Lu and Ravichandran, 2003; Schuh and Lund, 2003). In some very0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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mine the pressure sensitivity index of materials (Ma and Ravi-Chandar, 2000; Lu and Ravichandran,
2003; Bardia and Narasimhan, 2006). Although, many of the above mentioned materials exhibit plastic
dilatancy (see, for example, Pampillo and Davis, 1971), its extent is generally not commensurate with that
predicted by the use of an associated ﬂow rule (Spitzig and Richmond, 1984; Chiang and Chai, 1994). This
has motivated the use of a non-associated ﬂow rule (Chiang and Chai, 1994; Papanastasiou and Durban,
2001).
Ceramics and toughened polymers are important structural materials, while considerable research has been
devoted in recent years to understand the behavior of metallic glasses due to their attractive mechanical prop-
erties. Hence, it is desirable to investigate the mechanics of fracture of these materials, in particular the role of
pressure sensitive yielding, in order to eﬃciently use them in the design of structural components. Since crack
initiation and growth depend on the near-tip stress and deformation ﬁelds, a systematic study of these ﬁelds
taking into account appropriate material behavior is essential to relate continuum stress analyses to micro-
mechanical failure mechanisms.
Li and Pan (1990a,b) studied the mode I asymptotic, stationary crack tip ﬁelds in pressure sensitive dilatant
materials under two-dimensional (2D) plane strain and plane stress conditions. They assumed a simple hydro-
static stress dependent yield criterion and the normality ﬂow rule and found that the HRR-type (Hutchinson,
1968; Rice and Rosengren, 1968) asymptotic crack tip ﬁelds do exist for power law hardening materials. They
concluded from their studies that pressure sensitive yielding relaxes the stress state ahead of the crack tip
which may lead to the material toughening observed in some ceramic and polymeric composites. Subse-
quently, Dong and Pan (1991) and Ben-Aoun and Pan (1993) carried out ﬁnite element analyses of stationary
cracks in pressure sensitive materials under 2D plane strain and plane stress, small scale yielding (SSY) con-
ditions. They noted that the size and shape of the plastic zone change dramatically with increasing pressure
sensitivity.
Yuan and Lin (1993) extended the work of Li and Pan (1990a,b) by deriving a two-term asymptotic expan-
sion of the plane stress and plane strain crack tip ﬁelds. They also conducted ﬁnite element computations using
a modiﬁed boundary layer formulation and conﬁrmed that the inclusion of second order terms under plane
strain conditions increases the dominance of the analytical solution considerably. Papanastasiou and Durban
(2001) noted that the use of a non-associated ﬂow rule can slightly enhance the singularity order of the asymp-
totic ﬁelds in pressure sensitive plastic solids.
Chowdhury and Narasimhan (2000) carried out a 2D plane strain ﬁnite element analysis of stationary crack
tip ﬁelds in a pressure sensitive constrained ductile layer subjected to mixed mode (mode I + II) loading. They
found that increasing pressure sensitivity in a constrained layer conﬁguration could reduce the hydrostatic
stress levels and this in turn could enhance the fracture toughness of the layer. However, very recently, Chew
et al. (2006a) studied the eﬀects of pressure sensitivity and plastic dilatancy on the failure of polymeric adhe-
sives sandwiched between two elastic substrates. They showed that pressure sensitivity signiﬁcantly intensiﬁes
damage levels, as well as its spatial extent. The damage level and its spatial extent were found to be even
greater when a non-associated ﬂow rule was used, which suppressed plastic dilatancy. Chew et al. (2006b)
studied the eﬀects of void shape and micro-void interaction in pressure sensitive materials using 2D axisym-
metric and plane strain approximations. They found that oblate voids and high levels of pressure sensitivity
could severely weaken the material.
The above review indicates conﬂicting eﬀects of pressure sensitivity on material failure. While the near-tip
ﬁelds obtained by Li and Pan (1990a,b) and Chowdhury and Narasimhan (2000) indicate that the presence of
pressure sensitivity relaxes the stress state ahead of the crack tip, which suggests improved fracture toughness,
the micro-mechanical modeling of Chew et al. (2006a,b) contradict these ﬁndings. Also, the elastic–plastic
fracture simulations undertaken within the context of pressure sensitive materials so far have employed 2D
plane strain or plane stress approximations. However, the stress and deformation ﬁelds near a crack front
in a ductile solid are inherently three-dimensional (3D) in nature (Nakamura and Parks, 1990; Narasimhan
and Rosakis, 1990; Subramanya et al., 2005). These 3D eﬀects are present within a radial distance of about
one-half of the plate thickness from the crack front and result in strong thickness variations of stress and
deformation ﬁelds. The near-tip ﬁelds are expected to be further altered due to the presence of pressure
sensitive yielding and plastic dilatancy.
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the present work using 3D ﬁnite element simulations. To this end, a boundary layer (small scale yielding)
model of a thin cylindrical disk subjected to the mode I, elastic K-ﬁeld at the outer boundary is analyzed.
The material is assumed to obey a small strain, Extended Drucker–Prager yield condition. Diﬀerent degrees
of pressure sensitivity are considered in the analysis and the results are compared with those for the von Mises
material. The roles of plastic dilatancy and yield locus shape on the nature of near-crack front ﬁelds are also
assessed. Further, 2D plane strain and plane stress simulations are carried out and are compared with the 3D
results wherever appropriate.
The results show that the 3D plastic zones evolve faster with respect to load as the pressure sensitivity index
of the material increases. Pressure sensitivity leads to a signiﬁcant drop in the hydrostatic stress all along the
3D crack front (and at all angles h with respect to the crack plane). On the other hand, it strongly increases the
magnitude of the plastic strain both adjacent to the mid-plane and the free surface of the plate, which is also
reﬂected in higher crack opening displacements. The dominant between these two competing factors (hydro-
static stress and plastic strain) will govern the manner in which ductile fracture processes (such as micro-void
nucleation and growth) are inﬂuenced by pressure sensitivity.2. Material model
Experimental results on toughened structural polymers, ceramics, certain metallic alloys and metallic
glasses (Quinson et al., 1997; Chen and Reyes-Morel, 1986; Spitzig and Richmond, 1984; Donovan, 1989) sug-
gest the use of a hydrostatic stress dependent yield criterion to describe the mechanical behavior of these mate-
rials. For this purpose, many criteria such as Drucker–Prager, modiﬁed Tresca and Mohr–Coulomb have been
proposed (see for example, Bowden and Jukes (1972) for polymers and Donovan (1989) for metallic glasses).
Among these criteria, the Drucker–Prager yield function is attractive from the standpoint of numerical imple-
mentation, since it has a continuously varying normal. Moreover, it can be extended in such a way that with
proper selection of diﬀerent parameters, it closely approximates the Mohr–Coulomb yield criterion (ABA-
QUS, 2004). Hence, an Extended Drucker–Prager (EDP) model is employed to describe the constitutive
response of a material that exhibits pressure sensitive yielding. The EDP yield function is given as (see ABA-
QUS, 2004)/ðrij; r0Þ ¼ q
2
1þ 1
C
 1 1
C
 
r
q
 3( )
þ rh tan b 1 tan b
3
 
rc ¼ 0; ð1Þwhere rh = (r1 + r2 + r3)/3, q ¼
ﬃﬃﬃﬃﬃﬃﬃ
3J 2
p
and r3 ¼ 27
2
J 3.
Here, (r1,r2,r3) are the principal stresses, J2 and J3 are the second and third invariants of the deviatoric
stress tensor, and rh is the hydrostatic stress. Further, rc is the yield stress in a uniaxial compression test (with
initial value of r0) and b and C are material parameters. The yield function described by (1) represents a con-
ical surface in principal stress space with the vertex on the hydrostatic tension axis. The trace of the yield sur-
face on the deviatoric plane (Chen and Han, 1988) is non-circular and its shape is determined by the parameter
C. A circular trace is obtained for the special case of C = 1 which corresponds to the original Drucker–Prager
model. To ensure convexity of the yield surface, C must be chosen greater than 0.778 (ABAQUS, 2004). It
must be noted that for the case of C = 1 and b = 0, / in (1) reduces to the Huber–von Mises yield function.
On applying the yield criterion (1) for uniaxial tension and compression, it can be shown thattan b ¼ 3
kþ 1 k
1
C
 
; ð2Þwhere k is the ratio of the yield stress in uniaxial compression to that in tension. Within the framework of an
inﬁnitesimal strain theory, the strain rate _eij is assumed to be additively decomposed into elastic ð_eeijÞ and
plastic ð_epijÞ parts so that_eij ¼ _eeij þ _epij: ð3Þ
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The plastic part of the inﬁnitesimal strain rate _epij is directed along the normal of a ﬂow potential G, which is
given byGðrijÞ ¼ q
2
1þ 1
C
 1 1
C
 
r
q
 3( )
þ rh tanw: ð5ÞFrom (1) and (5), it can be seen that for the case of b = w, the normals to the yield surface and ﬂow potential
surface in stress space coincide resulting in associated plastic ﬂow, whereas b5 w leads to non-associated
ﬂow. In particular, w = 0 results in non-associated and non-dilatational plastic response.
The response of the material under uniaxial compression is assumed to be of power-law type in the forme
e0
¼ r
r0
 
for r 6 r0; and
e
e0
¼ r
r0
 n
for r > r0; ð6Þwhere r0 and e0 are the initial yield stress and strain under uniaxial compression and n is the strain hardening
exponent of the material. In the present work, the value of e0 = r0/E, where E is the Young’s modulus, is as-
sumed as 0.01 (which is representative of polymers and metallic glasses) and the Poisson’s ratio m is taken to be
0.35. The value of n is chosen as 10. All stress components are normalized by r0. Since the primary focus of
this work is on the eﬀects of pressure sensitive yielding on the crack tip ﬁelds, an isothermal, quasistatic load-
ing is assumed and strain rate dependence and thermal sensitivity of the material are not considered.
Experimental investigations on the eﬀect of hydrostatic stress on yielding suggest that for polymers as well
as metallic glasses, b is usually less than 23 (Brown, 1987; Quinson et al., 1997; Patnaik et al., 2004). For cer-
tain metallic alloys, the value of b can range between 0 and 8 (Stoughton and Yoon, 2004). In this work,
most of the computations are conducted for materials obeying an associated ﬂow rule (i.e., b = w) and yield
locus shape parameter C = 1. Also, attention is restricted to b = 0, 10, and 20, which as noted above, are
realistic values for a variety of engineering materials. This use of associated ﬂow rule leads to plastic dilatancy
for w = b > 0. However, experimental investigations have shown that, although materials such as polymers
undergo some volume change during plastic deformation, the extent of dilatancy is much less than that pre-
dicted by the associated ﬂow rule (Chiang and Chai, 1994; Spitzig and Richmond, 1984). Hence, a set of com-
putations is undertaken in this work with b = 20 and w = 0 so that the eﬀect of pressure sensitive yielding on
the near crack front ﬁelds when plastic dilatancy is suppressed, can be assessed.
Finally, for both polymers and metallic glasses undergoing heterogeneous ﬂow by shear banding, some
researchers have proposed the Mohr–Coulomb yield function (Bowden and Jukes, 1972; Schuh and Lund,
2003), which has the trace of an irregular hexagon on the deviatoric plane (Chen and Han, 1988). Within
the framework of the EDP model, such a trace can be closely approximated (without sharp corners) by using
a value of C < 1. Hence, in order to study the eﬀect of the yield locus shape on the 3D crack tip ﬁelds, a set of
computations is performed with b = w = 20 and C = 0.8.
3. Numerical modeling
A 3D boundary layer (SSY) formulation is used in the present study. To this end, a large circular disk
containing a crack along one of its radii (see Fig. 1) is considered. The straight crack front is located along
the z-axis at the center of the disk. The radius to thickness ratio of the disk, r0/h, is chosen as 50 so that
the plastic zone is well contained within the boundary, even when its size is large (up to two times) compared
with the plate thickness. Due to symmetry arising because of mode I loading, only a quarter of the disk
(yP 0,zP 0) is modeled with ﬁnite elements. Appropriate symmetry conditions are imposed on the plane
ahead of the crack front and the mid-plane of the disk (i.e., the planes deﬁned by y = 0 and z = 0).
The mesh used in this study is similar to that employed by Subramanya et al. (2005). It comprises of
eight-noded isoparametric hexahedral elements, which are focused at the crack tip. The crack front elements
are formed by collapsing the eight-noded hexahedral elements to triangular prisms, while allowing for
Fig. 1. Schematic 3D view of a cracked circular plate of thickness h and radius r0 considered in the boundary layer formulation.
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consists of nine layers of elements through half the thickness of the plate. The layers become thinner towards
the free surface of the plate in order to capture the strong variation of stresses in the thickness direction
associated with the expected corner singularity where the crack front intersects the free surface. Each layer is
composed of 63 concentric rings of elements enclosing the crack front having sizes that increase in geometric
progression with the radius. The mesh is very well reﬁned near the crack front with the size of the smallest
element (in the radial direction) being 105r0. In the circumferential direction, there are 20 elements in each ring.
Two-dimensional plane strain and plane stress calculations are also carried out with the same in-plane
mesh. Here, four-noded isoparametric quadrilaterals are used that are collapsed at the crack tip to form
triangles, again allowing for independent displacements of the nodes on the collapsed edge. Both the 3D
and 2D ﬁnite element computations are performed using a small strain, elastic–plastic ﬁnite element
formulation with the general purpose code ABAQUS/Standard (2004). The hybrid formulation available in
ABAQUS is employed to alleviate mesh locking eﬀects due to plastic incompressibility.
The in-plane displacement components based on the leading term of the elastic crack tip ﬁeld which are
given byux ¼ r0
2p
 1
2 1þ m
E
K cos
h
2
j 1þ 2 sin2 h
2
 
;
uy ¼ r0
2p
 1
2 1þ m
E
K sin
h
2
jþ 1 2 cos2 h
2
 
;
ð7Þare prescribed on the outer boundary (r = r0) of the domain. For 3D and 2D plane stress analyses, j in (7) is
given by j = (3  m)/(1 + m), whereas for 2D plane strain simulations, j = (3  4m). The loading is applied in
steps by gradually increasing the mode I stress intensity factor K. The 2D, SSY solutions are self-similar when
the radial distance from the crack tip is normalized by (K/r0)
2. These solutions as a function of r/h at a given
level of K=ðr0
ﬃﬃﬃ
h
p Þ can be obtained by simple scaling.
4. Results and discussion
In this section, the results from the 3D analyses are presented in terms of plastic zone evolution and thick-
ness, angular and radial distribution of stresses and plastic strain. The roles of pressure sensitive yielding, plas-
tic dilatation and shape of yield locus are assessed. Also, contact is made with the results computed from 2D
ﬁnite element analyses and 2D (plane strain) asymptotic solution of Li and Pan (1990a) wherever appropriate.
In the results discussed below, the value of C = 1 is adopted unless otherwise mentioned.
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The evolution of the plastic zone in terms of its size and shape with increasing load is studied in this sub-
section. Here, the plastic zone boundary is deﬁned by the surface where the equivalent plastic strain (given by
~ep ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2=3epije
p
ij
q
Þ has a very small value of ~ep ¼ 0:1e0.
The 3D plastic zone traces on diﬀerent planes normal to the crack front are shown in crack tip coordinates,
normalized by the plate thickness h , when K=ðr0
ﬃﬃﬃ
h
p Þ ¼ 0:5 and 1.5 in Figs. 2 and 3, respectively. Also dis-
played are plastic zones obtained from 2D plane stress and plane strain, SSY analyses. Results pertaining
to diﬀerent combinations of b, w, and C are shown in each ﬁgure. At small load, it can be noticed from
Fig. 2 that the 3D plastic zone traces both near the free surface (z/h = 0.498) and mid-plane (z/h = 0.075)
are similar to the plane strain plastic zone but are somewhat larger in size. On examining Fig. 2(a)–(d), it
can be noticed that the general shape of the plastic zone traces is slightly aﬀected by the material parameters
b, w and C. For the von Mises material (b = w = 0), the angular location of the maximum extent of the 3D
plastic zone trace is about 72 with respect to the x axis, whereas for the pressure sensitive materials (see
Fig. 2(b)–(d)) this value is around 54. The pressure sensitivity index b has a dramatic inﬂuence on the plastic
zone size, which will be discussed below.
At large load, it can be seen from Fig. 3 that the 3D plastic zone traces diﬀer signiﬁcantly from that given by
the plane strain analysis. For b = w = 20, Fig. 3(b) shows that plastic zone traces both near the mid-plane
and free surface have attained the general shape given by the 2D plane stress analysis. Thus, unlike inFig. 2. Plastic zone traces on diﬀerent planes normal to the crack front for K=r0
ﬃﬃﬃ
h
p ¼ 0:5 along with those obtained from 2D analyses
corresponding to (a) b = w = 0, C = 1, (b) b = w = 20, C = 1, (c) b = 20, w = 0, C = 1, and (d) b = w = 20, C = 0.8.
Fig. 3. Plastic zone traces on diﬀerent planes normal to the crack front for K=r0
ﬃﬃﬃ
h
p ¼ 1:5 along with those obtained from 2D analyses
corresponding to (a) b = w = 0, C = 1, (b) b = w = 20, C = 1, (c) b = 20, w = 0, C = 1, and (d) b = w = 20, C = 0.8.
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near the mid-plane of the plate in Fig. 3(c) and (d) as well. However, the trace near the free surface has not yet
transformed to the plane stress case especially in the region ahead of the tip. By contrast, the plastic zone
traces on all planes normal to the crack front for the von Mises material (Fig. 3(a)) diﬀer from shapes given
by plane strain and plane stress analyses. This is because at this load level, the ratio of maximum plastic zone
size to the plate thickness Rmaxp =h is around 0.5 for the von Mises case which is much smaller than that for the
pressure sensitive materials (Fig. 3(b)–(d)). Hence, for the von Mises case, the limiting plane stress plastic zone
shape has not been attained anywhere along the crack front at K=ðr0
ﬃﬃﬃ
h
p Þ ¼ 1:5. Indeed, this transformation
happens at a higher load of K=ðr0
ﬃﬃﬃ
h
p Þ around 2.
Fig. 4 shows the growth of maximum plastic zone extent ðRmaxp =hÞ with the normalized stress intensity factor
K=ðr0
ﬃﬃﬃ
h
p Þ for diﬀerent values of pressure sensitivity (b = 0, 10, and 20). Also displayed in this ﬁgure are the
results for materials with b = 20, w = 0, and b = w = 20, C = 0.8. Here, Rmaxp is the largest (with respect to
all z/h) of the maximum in-plane radius of the plastic zone. It must be noted (see Figs. 2 and 3) that except at
very low load levels, Rmaxp occurs at h = 0 and z/h = 0.075. It can be seen from Fig. 4 that R
max
p =h enhances
signiﬁcantly with the pressure sensitivity index of the material. Thus, as the load level increases, Rmaxp =h for
b = 20 becomes nearly twice that of the von Mises case. Further, it can be noted from Fig. 4 that the
normalized plastic zone sizes for the cases with b = 20, w = 0 (non-dilatational plastic ﬂow) and
b = w = 20, C = 0.8 (non-circular yield locus on the deviatoric plane) are marginally higher than that pertain-
ing to b = w = 20, at a given load level.
Fig. 4. Variation of normalized maximum extent of the plastic zone with respect to load.
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The variations of normalized hydrostatic stress (rh/r0) through the plate thickness at h = 0 corresponding
to K=ðr0
ﬃﬃﬃ
h
p Þ ¼ 1:5 are shown in Fig. 5 for the diﬀerent values of b, w and C considered in the present study.
Here, the thickness variations at diﬀerent normalized radial distances r/h from the crack front are displayed.
Also, the values of rh/r0 determined from 2D plane strain and plane stress ﬁnite element analyses are markedFig. 5. Variation of rh/r0 with z/h at h = 0 and K=r0
ﬃﬃﬃ
h
p ¼ 1:5 for (a) b = w = 0, C = 1, (b) b = w = 20, C = 1, (c) b = 20, w = 0,
C = 1, and (d) b = w = 20, C = 0.8. The curves pertain to r/h = 0.001, 0.01, 0.1, 0.5, and 1.0. The arrow direction indicates increasing r/h
values. Results from 2D plane strain and plane stress analyses are marked at z/h = 0 and z/h = 0.5, respectively.
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and in the interior of the plate (small r/h and z/h), the hydrostatic stress is highly elevated. It drops dramat-
ically as the free surface is approached (for z/h > 0.45). The thickness gradient of rh close to the crack front
appears to be higher when w = 0 (i.e., for the case of non-dilatational plastic ﬂow, see Fig. 5(a) and (c)). For
r/h < 0.1, rh from the 3D analyses are well approximated by 2D plane strain estimates near the mid-plane (i.e.,
as z/h! 0). By contrast, near the free surface, the 2D plane stress solution does not predict the actual stress
state well but generally tends to overestimate it. This is due to the fact that there are strong thickness gradients
in the stress variation as the free surface is approached which violates the assumptions of 2D plane stress (see
discussion in Subramanya et al., 2005). Also, Fig. 5(a)–(d) shows that for r/h > 0.5, the stresses remain uni-
form through the thickness and are in reasonable agreement with the plane stress solution. Thus, 3D eﬀects
are conﬁned to distances from the crack front less than half the plate thickness which corroborates with earlier
studies for the von Mises case (Nakamura and Parks, 1990; Narasimhan and Rosakis, 1990).
On comparing Fig. 5(a) with Fig. 5(b)–(d), it can be seen that pressure sensitivity leads to a signiﬁcant drop
in hydrostatic stress all along the crack front especially for r/h < 0.1. For example, at r/h = 0.001, the hydro-
static stress close to the mid-plane of the plate corresponding to the case b = w = 20 (Fig. 5(b)) is only about
60% of that for the von Mises case (Fig. 5(a)). The imposition of plastic incompressibility (w = 0, Fig. 5(c))
raises the hydrostatic stress level by around 15% near the crack front in the interior of the plate as compared to
a material that exhibits dilatational plastic ﬂow (Fig. 5(b) and (d)). The higher hydrostatic stress prevailing
near the crack front for a pressure sensitive material that displays non-dilatational plastic ﬂow is expected
to promote micro-void growth. This will be conﬁrmed when plastic strain distribution near the crack front
is examined below. Finally, it must be noted from Fig. 5(b) and (d) that when the yield locus shape parameter
C is reduced to 0.8, there is a marginal reduction in the hydrostatic stress ahead of the crack front.
In Fig. 6(a) and (b), the ratio of the thickness stress to the sum of the in-plane stress components,
rz/(rr + rh), is plotted as a function of distance z/h along the crack front (i.e., at r/h = 0.001 and h = 0)
for the von Mises material and a pressure sensitive dilatant material with b = w = 20, respectively. Results
pertaining to two load levels K=ðr0
ﬃﬃﬃ
h
p Þ ¼ 0:5 and 1.5 are displayed in each ﬁgure. For the range of pressure
sensitivity levels considered in the presented study (from 0 to 20), the above ratio should be very close to 0.5
in order to satisfy the plane strain condition. Thus, considering the case of C = 1, and neglecting elastic
strains, plane strain condition requires thatrz ¼ ðrr þ rhÞ
2
 q
3
tan b: ð8ÞFig. 6(b) shows that at both load levels, rz/(rr + rh) is indeed close to 0.5 for the pressure sensitive material
over a predominant portion of the crack front and drops steeply for z/h > 0.45. For the von Mises material
(see Fig. 6(a)), the above ratio near the crack front in the interior of the plate is around 0.4 at
K=ðr0
ﬃﬃﬃ
h
p Þ ¼ 0:5. This is because at this load level, the elastic strain is still a signiﬁcant fraction of the total
strain. The thickness to in-plane stress ratio becomes close to 0.5 near the mid-plane of the plate when the load
level K=ðr0
ﬃﬃﬃ
h
p Þ increases to 1.5, but it displays a stronger variation as the free surface is approached (compare
Fig. 6(a) and (b)). The above observation indicates the presence of plane strain conditions very near the crack
front in the interior of the plate, irrespective of the material response.4.3. Near-tip angular variation of stresses and plastic strain
The near-tip angular distributions of normalized in-plane stress components obtained from the 3D analysis
near the mid-plane at the load level K=ðr0
ﬃﬃﬃ
h
p Þ ¼ 1:5 are shown in Fig. 7(a) and (b) for the von Mises material
and b = w = 20, respectively. Here, following Li and Pan (1990a), a generalized eﬀective stress is deﬁned as
rge = q + rhtanb. The stress variations shown in Fig. 7(a) and (b) are extracted at r/h = 0.001 which is located
between the second and third rings from the crack front. The angular stress variations given by the plane-
strain, HRR-type asymptotic solution are also shown in the same ﬁgure as continuous lines. This solution
is based on the analytical formulation of Li and Pan (1990a) and was generated using the ﬁnite element pro-
cedure proposed by Symmington et al. (1990). The stress ﬁelds and integration constants derived using this
procedure for various values of b and the hardening exponent n are in very good agreement with those of
Fig. 6. Variation of rz/(rr + rh) with z/h at h = 0 and r/h = 0.001 for two load levels corresponding to (a) b = w = 0, C = 1 and (b)
b = w = 20, C = 1.
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erning non-linear ordinary diﬀerential equation in h.
It is seen from Fig. 7(a) that for the von Mises material, the angular stress distribution close to the crack
front agrees well with the plane strain HRR ﬁeld demonstrating its dominance in the interior of the plate for
small r/h. Similar observations were made by Narasimhan and Rosakis (1990) for mode I and Subramanya
et al. (2005) for mixed-mode (I and II) loading. However, in a pressure sensitive, plastically dilatant material
with b = w = 20, Fig. 7(b) demonstrates that the 3D numerical solution departs appreciably from the plane
strain HRR-type asymptotic solution even at a very small r/h. Thus, at h = 0, rr obtained from the 3D anal-
ysis is about 10% less than the plane strain asymptotic solution. The discrepancy in rrh (for h > 120) and in rr
(for h > 150) between the two solutions is quite pronounced. In particular, rr and rge computed from the 3D
ﬁnite element analysis fall well below those given by the analytical solution as h! 180 which indicates lack of
yielding adjacent to the crack surface (see also solid line curve corresponding to z/h = 0.075 in Fig. 3(b)). The
results reported by Yuan and Lin (1993) from plane strain ﬁnite element analyses using a two-term (K–T)
boundary layer formulation show similar trends as in Fig. 7(b) for a highly pressure sensitive material when
the applied T-stress is 0. A better agreement between the ﬁnite element and asymptotic solutions is obtained
when T > 0.35r0 (see Fig. 16 of their paper). Also, it must be mentioned that the present study indicates that
the above noted discrepancy increases with load level and the value of b.
On comparing the numerical results in Fig. 7(a) and (b), it can be seen that all stress components decrease in
magnitude around the crack front with increase in b. The strong reduction in rh and rr (by about 30% and
Fig. 7. Comparison between 3D near-tip (at r/h = 0.001) angular stress distribution (symbols) at z/h = 0.075 and plane strain HRR-type
asymptotic solution (indicated by solid lines) corresponding to K=r0
ﬃﬃﬃ
h
p ¼ 1:5 for (a) b = w = 0, C = 1 and (b) b = w = 20, C = 1.
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to 20) should be noted. Also, rrh for the von Mises material is almost constant for 45 < h < 135 with a peak
value of around r0, whereas for the case b = 20, it attains a peak value of around 0.7r0 at h = 110.
In Fig. 8(a) and (b), the near-tip angular distributions (at r/h = 0.001) of normalized hydrostatic stress,
rh/r0, obtained from the 3D numerical solution at z/h = 0.075 and 0.498, respectively, are presented corre-
sponding to K=ðr0
ﬃﬃﬃ
h
p Þ ¼ 1:5. Results pertaining to diﬀerent material parameters considered in this study
are shown. It can be seen from these ﬁgures that pressure sensitive yielding (b > 0) reduces the magnitude
of rh signiﬁcantly compared to the von Mises material both near the mid-plane and free surface of the plate.
This drop is most pronounced for h < 60 and near the mid-plane of the plate. In this region, rh is about 40%
less for the case b = w = 20 as compared to the von Mises material (see Fig. 8(a)). However, plastic incom-
pressibility elevates the hydrostatic stress by around 15% near the mid-plane of the plate (compare the curves
corresponding to b = w = 20 and b = 20, w = 0 in Fig. 8(a)). On reducing the yield locus shape parameter C
to 0.8, the hydrostatic stress drops further especially near the free surface (see Fig. 8(b)). Finally, it is impor-
tant to observe from Fig. 8(b) and (a) that rh near the free surface is signiﬁcantly lower as compared to the
mid-plane of the plate, irrespective of the material parameters.
In Fig. 9(a) and (b), the near-tip angular variations of equivalent plastic strain ~ep (at r/h = 0.01) are pre-
sented corresponding to z/h = 0.075 and 0.498, respectively, at K=ðr0
ﬃﬃﬃ
h
p Þ ¼ 1:5. It can be seen from these ﬁg-
ures that ~ep attains a peak value at an angle h between 70 and 90. At a given load level, pressure sensitive
Fig. 8. Angular distribution of normalized hydrostatic stress close to the crack front (r/h=0.001) corresponding to K=r0
ﬃﬃﬃ
h
p ¼ 1:5 near (a)
mid-plane and (b) free surface.
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the plate. Thus, the peak value of ~ep for the case b = w = 20 is about 1.5 times that for the von Mises material
both near the mid-plane and free surface of the plate.
The imposition of plastic incompressibility elevates ~ep further by a factor of 1.2 near the mid-plane (com-
pare curves corresponding to b = w=20 and b=20, w=0 in Fig. 9(a)). The above trend corroborates with the
asymptotic solution of Papanastasiou and Durban (2001), which shows higher singularity order when w < b. It
is primarily caused by the high magnitude of plastic shear strain eprh for the incompressible case. The radial and
circumferential plastic strain components epr and e
p
h are much smaller in magnitude. Further, e
p
r þ eph  0 near
the mid-plane of the plate owing to plastic incompressibility and applicability of plane strain conditions. The
plastic strain magnitude increases when the yield locus shape parameter is reduced to 0.8 especially close to the
free surface of the plate (see Fig. 9(b)). Finally, ~ep at the free surface is signiﬁcantly lower than that at the mid-
plane of the plate (compare Fig. 9(a) and (b)) which is similar to the behavior of the hydrostatic stress. This is
attributed to the fact that under mode I loading, the local energy release rate (which governs the intensity of
the near-tip plastic ﬁelds) decreases strongly as the free surface is approached (Nakamura and Parks, 1990).
The reduction in equivalent plastic strain is highest (by a factor of about 0.6) for the case b = 20, w = 0
(pressure sensitive material with non-dilatational plastic ﬂow). This combined with the stronger thickness var-
iation of rh noted earlier is expected to result in a more appreciable diﬀerence between growth rates of micro-
voids situated adjacent to the mid-plane and free surface of the plate for a material with w = 0. It must be
Fig. 9. Angular distribution of equivalent plastic strain close to the crack front (r/h=0.01) corresponding to K=r0
ﬃﬃﬃ
h
p ¼ 1:5 near
(a) mid-plane and (b) free surface.
H.Y. Subramanya et al. / International Journal of Solids and Structures 44 (2007) 1863–1879 1875mentioned that ﬁnite deformation eﬀects would be predominant within a zone governed by the blunting of the
crack (Hutchinson, 1983). Nevertheless, the inﬂuence of pressure sensitivity and non-dilatational plastic ﬂow
noted above on the magnitude of plastic strain would be qualitatively similar within this ﬁnite deformation
zone as well. Indeed, this has been observed in a recent investigation by Subramanya et al. (in preparation)
on void growth in pressure sensitive plastic solids.4.4. Radial variation of stresses and plastic strain
The radial variations of the normalized tangential stress, rh/r0, ahead of the crack front near the mid-plane
of the plate, for diﬀerent combinations of b, w and C are presented in Fig. 10 corresponding to a load level of
K=ðr0
ﬃﬃﬃ
h
p Þ ¼ 1:5. Similar plots of ~ep are displayed in Fig. 11 corresponding to h = 72, where the plastic strain
has a large magnitude (see Fig. 9(a)). It can be noticed from Fig. 10 that for r/h < 0.1, rh is highly elevated for
the von Mises material as compared to pressure sensitive materials. At higher r/h, this diﬀerence reduces and
for r/h > 0.6 (i.e., as the plastic zone boundary is approached), the stress levels for all the cases are practically
same. Also, close to the crack front (say, r/h < 0.1), plastic incompressibility leads to some elevation in rh
(compare curves pertaining to b = 20, w = 0 and b = w = 20 in Fig. 10). Finally, rh ahead of the crack front
is lowest for the case with C = 0.8.
Fig. 10. Radial variation of normalized opening stress near the mid-plane at h = 0 for K=r0
ﬃﬃﬃ
h
p ¼ 1:5.
Fig. 11. Radial variation of equivalent plastic strain near the mid-plane at h = 72 for K=r0
ﬃﬃﬃ
h
p ¼ 1:5.
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sitivity index of the material, especially close to the crack front. Also, for r/h < 0.03, the curve pertaining to
b = 20, w = 0 shows an appreciable elevation over that corresponding to b = w = 20. The trends displayed
by the plastic strain distributions near the crack front (Figs. 9 and 11) are expected to reﬂect in the crack open-
ing proﬁle as discussed below.
4.5. Crack opening proﬁles
The crack opening displacement d = 2uy(x, 0,z), normalized by the plate thickness, is plotted as function of
normalized distance, x/h, behind the crack front along the mid-plane at K=ðr0
ﬃﬃﬃ
h
p Þ ¼ 1:5 in Fig. 12. Results per-
taining to diﬀerent combinations of material parameters are presented. All curves displayed in Fig. 12 show
discrete blunting of the crack owing to strong inﬂuence of plastic deformation. Also, it can be observed from
this ﬁgure, that the crack opening proﬁle is signiﬁcantly elevated with increase in pressure sensitivity index b.
Moreover, a reduction in C or introduction of plastic incompressibility leads to further enhancement in the
crack opening proﬁle. This behavior corroborates with the plastic strain distributions discussed earlier.
The crack tip opening displacement dt at the mid-plane of the plate, determined using the 45 intercept
procedure (Tracey, 1976) and normalized by the thickness h, is plotted against the normalized stress
Fig. 12. Normalized crack opening proﬁles at the mid-plane (z/h = 0.0) of the plate at K=r0
ﬃﬃﬃ
h
p ¼ 1:5 for diﬀerent combinations of
material parameters.
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ﬃﬃﬃ
h
p Þ in Fig. 13 for diﬀerent material combinations. It can be seen from this ﬁgure that
the elevation in crack tip opening displacement with pressure sensitivity index of the material becomes pro-
nounced as the stress intensity factor increases (i.e., as the plastic zone develops). Similar observations can
be made about the eﬀect of reducing C and w. Thus, the highest crack tip opening displacement for the
entire range of loading is displayed by the material with pressure sensitive, non-dilatational response
(b = 20, w = 0).
The results discussed above show that pressure sensitivity has contrasting inﬂuence on the hydrostatic stress
and plastic strain levels prevailing near a 3D crack front. Thus, Figs. 5 and 8 show that rh decreases strongly
with increase in b, especially near the mid-plane of the plate, whereas Figs. 9 and 11 show that the plastic strain
exhibits a reverse trend. The latter is corroborated by the larger crack tip opening displacement in the mid-plane
of the plate as the pressure sensitivity index increases. It must be noted that both hydrostatic (tensile) stress and
plastic strain govern ductile failure processes, like micro-void nucleation and growth. Thus, a competition
between these factors is expected to occur and the one that has a more dominant inﬂuence will determine
whether ductile fracture processes are accelerated or retarded with increase in pressure sensitivity index b.
Indeed, in a very recent study, Chew et al. (2006a) have noted that pressure sensitivity enhances micro-void
damage in an adhesive layer due to presence of an array of pre-nucleated voids ahead of the crack tip.
This may be attributed to a stronger role played by plastic strain accumulation and crack blunting withFig. 13. Variation of crack tip opening displacement at the mid-pane (z/h = 0.0) with respect to load.
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be slowed down by the drop in rh as the pressure sensitivity enhances. Chew et al. (2006a) also observe that as
plastic dilatation is suppressed by taking w < b, micro-void damage in the adhesive layer is further enhanced.
This can be explained on the basis of the results obtained in the present study that both rh and ~ep (or dt) are
enhanced when plastic dilatation is suppressed. Finally, reduction in the yield locus shape parameter C (from
1) may also have an inﬂuence similar to that noted above in view of its role in increasing the crack tip blunting.
5. Conclusions
The main conclusions of this work are summarized below:
1. The 3D plastic zones evolve faster with respect to load (i.e., K=ðr0
ﬃﬃﬃ
h
p ÞÞ as the pressure sensitivity index of
the material increases. However, plastic incompressibility (i.e., w = 0) or shape of yield locus (i.e., assum-
ing C = 0.8) lead to only a marginal enhancement in the growth rate of the plastic zone. At small levels of
K=ðr0
ﬃﬃﬃ
h
p Þ, the 3D plastic zone traces on all planes are similar to those given by the plane strain analysis
(irrespective of material parameters), although they are somewhat larger than the latter. The transition
to the plane stress plastic zone shape, through the thickness of the 3D specimen, occurs at smaller load lev-
els for pressure sensitive materials.
2. The hydrostatic stress is highly elevated immediately ahead of the crack front and in the interior of the plate
and drops dramatically as the free surface is approached. Pressure sensitivity leads to a signiﬁcant drop in
rh all along the 3D crack front (and at all angles h) especially for distances r/h < 0.1. However, incorpora-
tion of plastic incompressibility results in a noticeable elevation in the hydrostatic stress level near the crack
front in the interior of the plate.
3. For the von Mises material, the angular stress distribution close to the crack front near the mid-plane, com-
puted from the 3D analysis, agrees well with the plane strain HRR ﬁeld, whereas the two solutions deviate
substantially for the pressure sensitive case. A better agreement can be expected with a positive T-stress (for
T > 0.35r0) based on the 2D plane strain results of Yuan and Lin (1993).
4. At a given load level, pressure sensitive yielding strongly increases the equivalent plastic strain both adja-
cent to the mid-plane and the free surface of the plate, especially close to the crack front. The imposition of
plastic incompressibility elevates it further, which is primarily due to the high magnitude of plastic shear
strain eprh. Also, ~e
p increases when the yield locus shape parameter is reduced to 0.8 especially close to
the free surface of the plate.
5. The trends exhibited by the plastic strain are corroborated by the crack opening proﬁles. Thus, the crack tip
opening displacement dt at the mid-plane evolves faster with K=ðr0
ﬃﬃﬃ
h
p Þ as the pressure sensitivity index
increases. A reduction in C or introduction of plastic incompressibility leads to further enhancement in
the crack opening proﬁle.
On the basis of the present study, it may be concluded that pressure sensitivity has contrasting eﬀects on hydro-
static stress and plastic strain near the crack front. The dominant between these two factors will govern the
manner in which ductile fracture processes such as micro-void nucleation and growth are inﬂuenced by pressure
sensitivity. Notwithstanding the above, plastic incompressibility is expected to promote these processes in view
of the fact that it leads to elevation of both rh and dt. Finally, crazing represents a major failure mechanism in
amorphous polymers. The processes of craze widening and ﬁbril breakdown within the craze zone (Kambour,
1973) are driven by void growth which is controlled predominantly by plastic strain. Thus, the results obtained
in this work suggest that the enhancement in plastic strain and crack opening with increase in pressure sensi-
tivity is expected to promote craze widening and, hence crack growth due to crazing (Chew et al., 2006a).
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